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Several structure theorems on chromatic index critical graphs are proved. New lower bounds 
on the size of p-critical graphs for p = 5, 6, 7 and some constraints on planar p-critical graphs 
for p = 6, 7 are obtained. 
1. Introduction 
The well-known theorem of Vizing says that if G is a graph with maximum 
valency p, then the chromatic index x’(G) of G is either p or p + 1. If x’(G) = p, 
then G is said to be of class 1, otherwise G is said to be of class 2. A graph G is 
said to be (chromatic index) critical if G is connected, of class 2 and x’(G - e) < 
x’(G) for any edge e of G. Various constructions for critical graphs were given by 
Beineke, Fiorini, Jakobsen, Wilson (see [4, Chs. 12, 14 and 15]), Gol’berg [5] and 
Yap [ 111. IH Section 2, we prov; several structure theorems on critical graphs 
which strengthen some of the results in [4, Ch. 141. Using these theorems, the 
argument for the construction of critical graphs of cr‘ _..,:sll order can be simplified 
substantially. 
A critical graph with maximum valency p is called a Q-critical graph. Vizing 
[lo] conjectured that the size (the number of edges) of every p-critical graph of 
order tt is at least $(np - n + 3). This conjecture has been verified for all p 5 4 by 
Jakobsen, Fiorini and Wilson. The background material can be found in [4, Ch. 
131. In Section 3, we first prove a structure theorem on critical graphs and use it 
together with an inequ;\lity due tc Fiorini [3] to produce new lower bounds on the 
size of p-critical graphs for 5 sp ~7. Finally, in Section 4, we give an alternate 
proof of a theorem of Vizing [9] which says that every planar graph whose 
maximum valency is at least 8 is necessarily of class 1. The proof is similar to, but 
simpler than, a proof given by Mel’rikov [7]. We also produce further cbnstraints 
on the number of vertices of certain valency of ‘-i-critical and &critical planar 
graphs, if they exist. 
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2. Some structure 1 theorems on critical graphs 
Throughout this paper, G is an undirected simple graph with vertex set V(G) 
and edge set E(G). For convenience, we often write u E G to mean that u E V(G) 
and we also write uu E G to mean that uu E E(G). The valency of u in G is 
denoted by d(u). The size of (3 is denoted by IN. If S c: V(G), we denote by 
G -S, the induced subgraph of G with vertex set V(G)\S. If S = {x}, we write 
G -x instead of G -{xl. If uu E G, G - uu is the graph obtained from G by 
deleting the edge uu from G. If uuq! G, G + UD is th,e graph obtained from G by 
adding an edge uu to G. We use ni to denote the number of vertices of valency i 
in G. An almost l-factor of a graph G of odd order n is a set of $(n - 3) 
mc‘ependent edges of G. 
Let K be a connected graph and let x be a vertex of K such that d(x) = ~12 2. 
Suppose the neighbourhood N(x) of x is {x,, . . . . x,,). We say that the graph G is 
obtained from K by splitting x into two new vertices u and u if 
V(G) = V(K\x)U{u, I$, u, u$ V(K), 
E(G) = E(K-x)U{w, crxl, . . . , ux,, UX,,~, . . . , ux,,,) 
for some 1 s r < 112. 
From this definition, we see that if G is obtained from K by inserting a new 
vertex into an edge of K, then G can be considered as a graph obtained from K 
by splitting a vcrtcx into two vertices. 
Other terms not defined in this paper can be found in [4]. 
We shall apply the following theorems. 
Theorem A (Vizing’s adjacency lemma). Let G be a p-critical graph, and let u and 
w be adjacent uetiices of G with d(u) = k. Then 
(a) if k c p, then w is adjacent to at least p - k + 1 vertices of valency 9; 
(b) if k = p, then w is adjacent to at least two vertices of ualency p; 
(4 if the minirnurm ualency of G is C, then G contains at least p -o + 2 vertices 
of ualency p. 
If G is a graph obtairled from either the complete graph K2,,,, III 3 2, or 
the graph K2,,, minus a 1 -factor, by splitting a vertex into two uertices, then G is 
critical. 
Let G he a p-critical graph, alId let Pti he the nund~er of vertices of 
valency j in G. Then 
A proof of Theorem A can be found in [4, ppe 71-741. A proof of Theorem B 
catl be found in [ 111. A proof of Theorem C (due to Fiorki [3]) can be found in 
[4, pp. 88-89-J 
Theorem 1. For each odd p 2 3, there is exactly one p-critical graph G of order 
n = p + 2 with minimurrz valency 2, namely, the graph obtained from the complete 
graph &+ 1 by irserting a new vertex into an edge. 
Proof. Suppose such a graph G exists. Let x be a vertex of valency 2 and let 
N(x)={y,z}. By Theorem A, d(y)=d(z)=p, and n,ap-2+2=p=n-2. 
If n, = n - 2, let w # x be the other vertex of valency < p. If yz E G, then wy, 
wz4 G. r .et H = G + xw. Then N(x) n N(w) = 8. Thus H is contained in a graph 
; 
; 
V’ which IS : h+%ied from I$, + , by splitting a vertex into two vertices x and w i 
with d(x)= 3, d(w)= p- 1. By Theorem B, H* is p-critical. This shows that G ] 
cannot be p-critical. Hence yz$ G and G is a proper subgraph of the graph G* 1 
which is obtained from KP+, by inserting a new vertex x into an edge yz. Again, ;i 
by Theorem B, G* is p-critical. Hence G is not critical. 
If nP = n - 1, then G is obtained from K, +, by inserting a new vertex into an 
edge and thus G is p-critical. 
Finally, the existence of G is guaranteed by Theorem B. 
Theorem 2. For each even p 5 4, the graph KP+ 1 minus an almost l-factor is the 
only p-critical graph of order n = p+ I with rninimurn valency (T = p - 1. 
Proof. Suppose G is a p-critical graph of odd order n = p + 1 with minimum 
valency cr = cp - 1. By [4, Theorem 13.11, YIZ s $(n - 1)~ -I- 1. 
Suppose the valency-list of G is ~?p’*-~~. Then 
tn =g2r(p- l)+( n - 2r)p) = 3(p2 + p - 2r). 
Hence Q -2r ~2. By Theorem A, n,, ap-0+2=3. Thus np =3 and p-2r=3. 
Next, since the valency-list of G is cr ‘ld3p3, G is K,,1 minus an almost l-factor 
and UX> &t]. Hence by [4, Theorem 6.11, G is of class 2. If G is not critica:, 
then G has a p-critical subgraph H of size < 4~” + 1. Let S be the minimum 
valency of H. Then by Theorem A, 3 > p - S + 2. Hence S = p - 1. But we have 
proved that the size of such a critical graph is ip2+ I which yields a contradiction. 
Hence G is critical. 
Theorem 3. For each odd p 3 3, the only possible ualenq-list of a p-critical graph 
of order 12 = p -t 2 with minirnunz valency (T = p - 1 is 8 ‘p4. 
roof. By Theorem A, n,, ~q~-r)-+2=3. Since p is odd and CT is even. n,?d. 
Now by [, b, Theorem 13.11, 
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Suppose the valency-list of G is ~“-*~p*‘, r> 2. Then 
111 =${(I1 - 2r)a + 2rp) = !!(&I’ + p + 2r - 2). 
Hence r = 2 and T;he only possible valency-list of G is ~“-~p’. 
Theorem 4, Let G be a p-critkal graph of order n = p + 1 with min!irnum ualency cr. 
If x is a ueftex of ualency CT in G and x is adjacent to r vertices of ualency p in G, 
then 
Proof, From Theorem A, we have 
2<r<O and n,+-cr+2. 
Now rt=p,+l implies that r=nP3P-cr+2. Hence o+rap+Z. 
Corollary 1. If G is a p-critical graph of order n = p + 1 with rkr!inzum valency o, 
then u 2 $(,- -+- 2) . 
3. Lower bounds on the size of critical graphs 
We first prove 
Theorem 5. For each p 25, there is no p-critical graph with ualency-list 2rpZr. 
Proof. Suppose there is such a graph G. By Theorem A, each ver!c;x of valenq Q 
in G Is adjacent to exactly one vertex of valency 2. Let x be a vertex of valency 2 
and let N(x) = {y, z), e = xz. Let H = G -e and let v be a p-colouring of H such 
that rr(xy) = p. (A p-colouring rr of H is a mapping from E(H) to (1,2,. . . , p} 
such that no s wo adjacent edges of H have the same image. Thus I = p means 
that the image of xy under rr is pa) By Theorem A, d(y) = d(z) = p. Let 
N(y)={x, ~1,. . . 3 s,-11, N(z) = k 21, . e .3 t,-1). 
If z E N(y), we let z = Y~__~. We may assume that n(yyi) = i, n( tZi) = i, i = 
1 p-1. . . . . ) 
No+v Ict wi be the vertex of valency 2 adjacent to yi (itis possible that wi = \Vi 
for some i#. i) and let Hi be the other vertex adjacent to wl. Certainly z f u, for 
any i=l,... , p- 1. Let 7T(yiWi)=ji* 
Nowforeachi=l,..., p - 1 let Ci be the (p, i)-chain of 7r with initial vertex x. 
(A chain C is said to be a (p, i)-chain of v with initial vertex x and terminal 
vertex y if the edges of C are assigned the colours p and i alternately under rr 
and only one of the colours p and i is present at the vertices x and y.) The 
terminal vertex of Ci must be z, otherwise we may interchange the colours p and i 
0~ graph critical with respect toedge-colourings 293 
Fig. 1. 
in Ci and extend this new colouring of H to a p-colourmg ._’ c This argument is 
called the Kempe-chain argument. 
Suppose jl = p. By the Kem?e-chain argument on chain C1, we will get a 
contradiction unless n(wlulj = 1. 
SupQase jl # p_ We can assumt that V( wIuJ # p. (If =(w, ul) = p, we first 
interchange the colours p and k ( + j,, p) in the (p, k)-chain with initial vertex wl, 
we then get a new p-colouring A of G such that X(w,u,) # p.) Then by the 
Kempe-chain argument on Ci,, it is clear that y,, w, 4 Cj,. We now interchange the 
colours Q and j, in C’j,. If +x(w,u,) = if 1, let Q be the (jl, l&chain with initial 
vertex x in this new colouring of 1H. Then the terminal vertex of Q must be wl. 
By the Kempe-chain argument, this yields a contradition. Hence 7r(w,w,) = 1. 
(See Fig. I .) 
We have thus proved that n(w,q)= 1 for any p-colouring 7r of _H. Similarly, 
T(\ViUi) = i, i = 2, 3 . . . , p -2 for any p-colouring 7r of H. 
Finally, we consider the following cases: 
Case 1: jl#P or p- 1. In this case, the terminal vertex of the (1, &chain with 
initial vertex w, cannot be yl. By interchanging the colours 1 and p in this chain 
we yield a contradition fo what we have proved above. Hence this case cannot 
occur. 
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Cuse2: J,=porp-1.Foreachi=2,...,p-2,letQibethe(1,i)-chainwith 
initial vertex wl. By the Kempe-chain argument, the terminal vertex of Qi must 
be yl. Hence y, yi E Qim If Wi $ Qi, then after interchanging the colours 1 and i in 
Qi, yyi and wiui will have distinct &ours in this new colouring of N which has 
been shown to be impossible above. Hence Wi E Qi and 4 5 Qi also. Thus 
7F(yiU,) II I for each i = 2, . . . , p -2. Now consider the (2,3)-chain with initial 
vertex w2. By similar argument, ~(y~w& = 2 which yields a contra 
Remadks. (1) Theorem 5 answers a question raised by Jakobsen [6, p. 2691. 
(2) From the proof of Theorem 5, we know that if there exists a 4-critical graph 
G such that n4 = 2n2 and n3 == 0, then for each vertex x of valency 2 in G, the two 
vertices adjacent to x must be adjacent. 
(3) There exists a 3-critical graph of order 9 such that rt3 = 2n2. 
Next, we apply Theorem 5, together with the proof of Theorem C to prove 
Theorem 6. Let G be a p-critical graph of order n and six tn. 
(a) If p = 5, then tn >2n t-.1. 
(b) If p = 6, then m >$(9n + 1). 
(c) If p = 7, then ~II +I. 
Proof. Since the proofs of all the three parFs are nearly identical, we prove only 
(a) here. 
Let r be the number of vertices of alalencj 3 in G which is adjacent to a vertex 
of valency 4. 
Similar to the proof of Thetrem C, we have 
ns~2122+${3(n.3-r)+2r)+$n4, r<min{n3, n,) 
=2n2+n3+$n,+$(~~3-r). 
Hence 
which implies 
PI 2 2n + $( n3 - r) + $n;,. 
If at least one of n3 or n4 is not 0, nz 3 212 + 1. If n3 = 11.~ = 0, then by Theorem 
S, wra2n+l. 
We first give an alternate proof of 
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Theorem D. Every planar graph whop maximum ualency is at leas: 8 is necessar- 
ily of class 1 (due to Vizing [9]). 
Proof. Suppose G is a planar graph whose maximum valency is at least 8. Then G 
has an S-critical subgraph. Hence, without loss of generality, we may assume that 
r3 is &critical. 
From Euler’s polyhedral formula, we can derive 
12+q,+2nRSJnz+3nj+2n,+n,. (1) 
By Theorem A, a vertex of valency 3 can be adjacent to at most one vertex of 
valency 7, a vertex of valency 4 can be adjacent to at most one vertex of valency 
6, and at most two vertices of valency 7. Let r be the number of vertices of 
valency 3 which is adjacent to a vertex of valency 7, let s be the number of 
vertices of valency 4 which is adjacent to a vertex of valency 6, let t be the 
number of te.stices of valency 4 which is adjacent to exactly one vertex of valency 
7, and let u be the number of vertices of valency 4 which is adjacent to exactly 
two vertices of valency 7. 
By the proof of Theorem C, we have 
r c min{ n3, n,}, s c n:in{ n4, n,), 
t 6 min(n, - s, II,}, and 14 6 min{ n, -. J -- t, n7 - r}. 
Hence 
n7+21213~4nl,+3n3+2n,+ns+(127-r-u)+5(124-s-t)+~(n7-u) 
3 4n2 + 3g3 + 2n, + IIs 
which contradicts (1). 
There exist planar graphs G with maximum valency p = 2, 3, 4, 5 which are of 
either class 1 or of class 2. Vizing [lo] conjectured that if G is a planar graph 
whose maximum valency is at least 6, then G is of class 1. We now prove 
Theorem 7. lf a 7-critical planar graph G exists, then 
2h~+$z,+$n+ 12+$2, and n7~6+2n,+$z,+&,. 
. Let S be the set of all vertices of valency 2 in G. Let ilti be the number of 
vertices of valency i in G - S. From Euler’s polyhedral formula, we can derive 
4mZ+3m3+2rn,+ms~ 12-+m7. (2) 
By Theorem A, m2 = 0, mi = ni, i - 3, 4, 5 and m7+ 2ti2 = n7. Hence (2) 
becomes 
2n,+3n~+2n4-tng~12+M,. 
Now by Theorem C, 
n7 > 2n, + n3 + $n, + ins + fn,. 
Hence 
2n3+$2,+$@ 12+$, 
and 
n7H5+2nz+~12s+$z6. 
Ccsroby 2. ff a 7-critical planar 
n,+n,+n+6 and n7 
Similarly, we can prove 
graph G exists, theu 
a6+2n2. 
Thesrem 8. If a 6-critical planar graph C+ exists, then 
2n2+3n3+2n4+ns~ 12 and li!6a4+$n2+$2s. 
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